Abstract. Let B be a ring and A = B[X, Y ]/(aX 2 + bXY + cY 2 − 1) where a, b, c ∈ B. We study the smoothness of A over B, and the regularity of B when B is a ring of algebraic integers.
Introduction
In [5] , Roberts investigated the smoothness (over Z) and the regularity of the ring Z[X, Y ]/(aX 2 + bXY + cY 2 − 1), a, b, c ∈ Z. He showed that smoothness depends on a, b, c mod 2 (cf. [5, Theorem 1] ), while regularity depends on a, b, c mod 4 (cf. [5, Theorem 2] ).
In this note, we use ideas from [5] to study the regularity of the ring A := B[X, Y ]/(aX 2 + bXY + cY 2 − 1), a, b, c ∈ B, where B is a ring of algebraic integers. As expected, this regularity depends on a, b, c mod ( √ 2B) 2 (see Corollary 3.5). Our main result (Theorem 3.4) gives a description of the singular locus of B. On the way, we show that the smoothness of A over B can be easily described: if B is an arbitrary ring, then A is smooth over B iff a, c ∈ (2, b)B (Theorem 2.1). Finally, Example 3.10 suggests that our arguments can be also used in certain higher degree cases. Throughout this paper, all rings are commutative and unitary. For any undefined terminology our standard reference is [4] .
Smoothness
Let B be an arbitrary ring. The smoothness of B[X, Y ]/(aX 2 + bXY + cY 2 − 1) over B can be described easily.
Theorem 2.1. Let B be a ring and a, b, c ∈ B.
Proof. Let J ′ be the jacobian ideal of A and set f = aX 2 + bXY + cY 2 . By Euler's formula for homogeneous functions, we have 2f = X(∂f /∂X) + Y (∂f /∂Y ), hence 2 ∈ J ′ , because the image of f in A is 1. Moding out by 2B, we may assume that B has characteristic 2. We have to show that A is smooth over B iff a, c are nilpotent Similar results can be stated for any ring of algebraic integers; here are two examples. Proof. We have 2 = θθ. By Theorem 2.1, A is smooth over
As θB andθB are maximal ideals, the assertion is clear.
Proof. It can be checked by PARI-GP (see [2] ) that B = Z[θ] is a PID and 2B = (1 + θ) 4 B. So (2, b)B = (1 + θ, b)B. Apply Theorem 2.1.
Regularity
Throughout this section we fix the following notations. Let B be a ring of algebraic integers, that is, the integral closure of Z in a finite field extension of Q. It is well-known (e.g. [1, Chapter 6] ) that B is a Dedekind domain, hence II −1 = B for every nonzero ideal I of B. Fix a, b, c ∈ B. We study the regularity of the ring
Proof. Since P := Q∩B ⊇ (2, b)B, Theorem 2.1 shows that the composed morphism
is smooth. Hence A Q is regular, because B is regular.
Let Γ be the (finite) set of prime ideals P of B such that P ⊇ (2, b)B and P ⊇ (a, c)B. By Theorem 2.1, A is smooth over B iff Γ = ∅.
Proof. Assume that P := Q ∩ B ⊇ (2, b)B. As (a, b, c)A = A, it follows that Q ⊇ (a, c)B, so P ⊇ (a, c)B, that is, P ∈ Γ. The converse is obvious.
Let P ∈ Γ. Since B is a ring of algebraic integers and 2 ∈ P , it follows that B/P is a finite (thus perfect) field of characteristic 2. If z ∈ B, letz denote its image in B/P . Let d, e ∈ B such that (3.
Note that d, e ∈ B are uniquely determined modulo P . If a ∈ P (hence d ∈ P ), denote
If a ∈ P (hence c, e ∈ P , because P ∈ Γ), denote (3.2.3)
Lemma 3.3. Let M ∈ Spec(A) and P = M ∩ B. Then the ring A M is not regular iff P ⊇ (2, b)B and Z P := dX + eY + 1.
As P ⊆ Q and g ∈ Q, we get g − Z 2 P ∈ Q, so Z P ∈ Q. Assume that a ∈ P (the case a ∈ P , c ∈ P is similar: we use (3.2.3) instead of (3.2.2)). Then d ∈ P . We have dX = Z P − eY − 1, so
P ∈ P C (cf. 3.3.1 and 3.3.2) and 2, b ∈ P ; so the coefficients of F P are in P . Also, P ⊆ Q 2 C Q because C/P C = K[X, Y ] is a regular ring. So, by (3.3.4), A M is not regular iff 
Proof. Apply Lemmas 3.2 and 3.3.
Corollary 3.5. The ring A is regular iff for every P ∈ Γ we have:
The elements d, e (which depend on P ) are defined in (3.2.1).
Proof. (i). By Theorem 3.4 (or Lemma 3.3), A is regular iff (P, F P P −1 )A = A for every P ∈ Γ. Fix P ∈ Γ, set K = B/P and assume that a / ∈ P . Note that F P is defined in (3.2.2); denote F P briefly by αY 2 + βY + γ. We have the following chain of equivalences:
Hence (P, F P P −1 )A = A iff the following ring is the zero ring
where p ∈ P is such that pB P = P B P ; for the last isomorphism we used the fact that d / ∈ P . Thus (P, F P P −1 )A = A iff α/p ∈ pB P , β/p ∈ pB P and γ/p / ∈ pB P iff α ∈ P 2 , β ∈ P 2 and γ / ∈ P 2 iff ae 2 + cd 2 ≡ bde, bd ≡ 2ae and a ≡ d 2 where the congruences are modulo P 2 . From ae 2 + cd 2 ≡ (bd)e and bd ≡ 2ae, we get ae 2 + cd 2 ≡ bde ≡ (2ae)e and bd ≡ 2d 2 e (because 2a ≡ 2d 2 ), so cd 2 ≡ ae 2 and b ≡ 2de because d / ∈ P . The argument is reversible. Case (ii) can be done similarly.
Remark 3.6. Note that condition a − d 2 / ∈ P 2 in Corollary 3.5 means that a is not a quadratic residue modulo P 2 .
. Then A is regular but not smooth over Z iff one of the following cases occurs (all congruences below are modulo 4):
(
Proof. Assume that A is not smooth over Z. With the notations of Corollary 3.5, we have Γ = {2Z}. We can take d = a and e = c. By Corollary 3.5, A is regular iff (i) if a is odd, then b − 2ac ∈ 4Z, ac(a − c) ∈ 4Z, a − a 2 / ∈ 4Z, (ii) if a is even, then a ∈ 4Z, b ∈ 4Z, c − c 2 / ∈ 4Z. The conclusion follows. 
